Shape from Shading:

Iterative solution to find Surface Gradients using Regularization

Milind Padalkar
ID: 201121015

September 28, 2012

Assuming the Irradiance to be F(z,y) and reflectance map to be R(p(x,y), q(z,y)) or simply R(p,q), we
have

E(z,y) o< R(p, q)- (1)
Here, for simplicity if the constant of proportionality is taken to be 1, then
E(z,y) = R(p.q) (2)
Further, we know that
Pps +qqs +1
R(p,q) = 3)
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where, p(x,y) & q(z,y) are surface gradients and (ps, ¢s) is the point light source direction. Consider the
object (whose depth is to be determined) to have an average depth zp and z; , be the depth at every point
(z,y) in the image of this object. We consider the object to be a sphere of radius r. In 2D, the sphere can
be seen as a circle of radius r. Therefore, only those points of the object that satisfy the equation of a circle
will be imaged i.e. 72 > 22 + 2. And, the depth is given as

2z, y) —20 =2 = (a2 +y?) V(2 +y°) <7 (4)
Since p and ¢ are surface gradients, we have
0z(z,y) —x —x
= = = = 5
p=p@y) Or 2(r,y) — 20 22—z (5)
9z(x,y) -y -y
q=q(z,y) Oy 2(r,y) —20 22— 20 (6)

1 Given the image and source positions, find the surface gradients

Given irradiance i.e. image F(z,y) and source positions ps, ¢s, we need to find p(z,y) and ¢(x,y). Thus,
we have only 1 equation (combined equations (2 & 3)) and two unknowns p, g at every x,y. Thus, there are
infinite solutions for p, q. If we can somehow apply constraints, we may arrive at an acceptable solution. Since
the sphere does not have abrupt change in the surface, we observe the variations in the surface gradients to
be smooth. Thus, the total value of variations in surface gradients has to be very small. Since the variation
in the value of surface gradient can be either positive or negative, we may use the square of these values.
The smoothness constraint is thus formulated as follows

E, = //(pi +pp + @+ q;)dady, (7)
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which we need to minimize over all p and q. Here,
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Since this is a constrained minimization, one can solve this using the Lagrange Multiplier Method. However,
we go for an unconstrained minimization (based on regularization).
We have assumed equation (2), which may not always be true due to sensor noise. Thus, in practice,

E(z,y) = R(p,q) + n(z,y)  or  E(z,y) — R(p,q) = n(z,y), 9)

where n(z,y) is the sensor noise at each location (z,y). We are interested in minimizing the total noise over
the complete image (E(xz,y)). Also, we know the prior knowledge about the smooth variations in the surface
gradients, which we as call the regularization term (equation 7). Thus, the problem is now formulated as
follows,

wine = [ (12 493+ @ +2) + NE(e.9) — Rp.)PJdady. (10)
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Here, the term A is taken to give emphasis to the noise term. Small value of A can be chosen for less noisy
data. Thus, value of A depends on the model. Now consider,

F=(p2+p,+ ¢ +q,) + ANE(z,y) — R(p,q)]. (11)

Since F' is a function of a function i.e. functional, the solution to equation 10 can be obtained using Calculus
of Variations. As we have two unknowns p and ¢, we get two Euler equations as follows,

E, - 8;3;1 - aai;y =0 and F, - ag;z _ 6;;‘7 —0. (12)
Consider,
F,— 2 6;’7 =0 gives, —2\(E - R)%E —2p,, — 2p,,, = 0; ie.
V2P = Paw + Pyy = —MNE — R)%—g because,
F, = —2\(E - R)(%%); F,, = $£ = 2p,, (3
e = 2% = 2p,y; Fp =28 —op, 9l _gp
Similarly,
Fy— 2w 2w g gives, —2ME — R)2E — 2450 — 2qyy = 0; ice.
V34 = Qo + qyy = —ANE — B)% because,
Fy = —2\(E - R)(%%); Fy, = 3£ = 2¢,, )
Oy — 998 — g, Fy, =95 =2, Zm =0l 9,



But,

V2p= _4p(ivj) + [p(Z-i- 17]) +p(i - 17.7) +p(i7j+ 1) +p(ivj - 1)]7

V2q = _4Q(i7j) + [q(i+ 1).]) +q(i_ lvj) +Q(i7j + 1) +Q(i7j - 1)]

And,

pi,j) = p(i+1,j)+p(i—1,j)1p(i,j+l)+p(i,j—1)7

q(i+1,5)+q(i—1,j)+q(é,j+1) +q(i,j—1)
1 .

q(i,j) =
From equations (13,14,15,16) we have,
4p(i, j) = 4p(i, j) + M(E — R) Gk

4q(i,j) = 4q(i, j) + \(E — R) %%

Thus, assuming values of p and ¢ in the n*”* iteration, the n + 1 iteration solution can be obtained as,

P, 5) = P ) + (B~ R(p".q") 25

¢ (i, 7) =76, 5) + (B — R(p", q")) 5=

Hints:
OR _ ps(¢®+1) —plggs +1)
P (ps+qs+1)5(p +q*+1)3
OR _ _ ¢s(0®+1) —qlpps +1)
9q (qs+ps+1)é(p +q2+1)2

2 Given values of p and q, find the depth z

Since p and q are surface gradients, we have,
p(i,j) = 2(i,j) — 2(i + 1,5),
p(i—1,j) = 2(t — 1,7) — (i, j),
q(i, j) = 2(i, ) — (6,5 + 1),
q(i,j —1) = 2(i,j — 1) = 2(4, J).
From the above equations (22,23,24,24) we have,

p(ivj) —p(i— 17.]) +Q(i7j) - Q(ivj - 1) = 42(17]) —E(i,j),

where, Z(i,j) = [2(i+ 1,7) + 2(i — 1,4) + 2(i, 5 + 1) + 2(¢, § — 1)].
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Thus, assuming value of z in the n*? iteration, the n 4+ 1** iteration depth calculation can be done using

the following equation.

271, §) +p(6,§) —p(i = 1,§) +a(i,j) —q(i,5 — 1)

n+1
(4,5) = 1

(26)



